In this paper, we study non-abelian extensions of strict Lie 2-algebras via the cohomology theory. A non-abelian extension of a strict Lie 2-algebra g by h gives rise to a strict homomorphism from g to SOut(h). Conversely, we prove that the obstruction of existence of non-abelian extensions of strict Lie 2-algebras associated to a strict Lie 2-algebra homomorphism from g to SOut(h) is given by an element in the third cohomology group. We further prove that the isomorphism classes of non-abelian extensions of strict Lie 2-algebras are classified by the second cohomology group.
Introduction
Eilenberg and Maclane [9] developed a theory of non-abelian extensions of abstract groups in the 1940s, leading to the low dimensional non-abelian group cohomology. Then there are a lot of analogous results for Lie algebras [1, 10, 11, 13] . Non-abelian extensions of Lie algebras can be described by some linear maps regarded as derivations of Lie algebras. This result was generalized to the case of super Lie algebras in [2] , to the case of topological Lie algebras in [12] and to the case of Lie algebroids in [5] .
Lie 2-algebras are the categorification of Lie algebras [3] . In a Lie 2-algebra, the Jacobi identity is replaced by a natural isomorphism, which satisfies its own coherence law, called the Jacobiator identity. The 2-category of Lie 2-algebras is equivalent to the 2-category of 2-term L ∞ -algebras [3, 14, 15, 20] , so people also view a 2-term L ∞ -algebras as a Lie 2-algebra directly.
Some work on the study of non-abelian extensions of Lie 2-algebras has been done recently. In [7] , the authors showed that a non-abelian extension of a Lie 2-algebra g by a Lie 2-algebra h can be characterized by a Lie 3-algebra homomorphism from g to the derivation Lie 3-algebra DER(h). In [19] , the author classified general non-abelian extensions of L ∞ -algebras via homotopy classes of L ∞ -morphism. On the other hand, strict Lie 2-algebras are in one-to-one correspondence with Lie algebra crossed modules [3] . Actor of Lie algebra crossed modules was constructed in [6] . Furthermore, the authors proved that associated a non-abelian extension of Lie algebra crossed modules (g 0 , g 1 , d g ) by (h 0 , h 1 , d h ), there is a Lie algebra crossed module morphism from (g 0 , g 1 , d g ) to the out actor of (h 0 , h 1 , d h ). However, whether there is obstruction of existence of a non-abelian extension associated to such a morphism and how to classify such extensions are still open problems.
The purpose of this paper is to solve the above problems using the language of strict Lie 2-algebras. To do that, first we outline the theory of strict derivations of strict Lie 2-algebras. We construct a strict Lie 2-algebra SDer(g) associated to strict derivations, which plays important role when we consider non-abelian extensions of strict Lie 2-algebras. This part is not totally new, and one can obtain these results from [7, 8] . Then we show that a non-abelian extension of a strict Lie 2-algebra g by h naturally gives a strict homomorphism from g to SOut(h). In the case of Cen(h) = 0, there is a one-to-one correspondence between isomorphism classes of non-abelian extensions of g by h and strict homomorphisms from g to SOut(h). Finally, we consider the obstruction of existence of non-abelian extensions of g by h associated to a strict homomorphism from g to SOut(h) in the case that Cen(g) = 0. We show that the obstruction is given by an element in the third cohomology group. Furthermore, we use the second cohomology group to classify non-abelian extensions once they exist.
The paper is organized as follows. In Section 2, we give precise formulas for representations and cohomologies of strict Lie 2-algebras. In Section 3, we study strict derivations of strict Lie 2-algebras. In Section 4, by choosing a section, we give a general description of a non-abelian extension of a strict Lie 2-algebra g by h. In Section 5, we prove that when Cen(h) = 0, there is a one-to-one correspondence between isomorphism classes of non-abelian extensions of a strict Lie 2-algebra g by h and strict Lie 2-algebra homomorphisms from g to the Lie 2-algebra SOut(h). In Section 6, we identify a third cohomological obstruction to the existence of non-abelian extensions associated to a homomorphism from g to the Lie 2-algebra SOut(h). Furthermore, we classify non-abelian extensions once they exist by the second cohomology group H 2 (g; Cen(h))μ.
Preliminary
In this section we recall some basic concepts of representations and cohomologies of strict Lie 2-algebras.
Definition 2.1.
A strict Lie 2-algebra is a 2-term graded vector spaces g = g 1 ⊕ g 0 equipped with a linear map d g :
such that for all x, y, z ∈ g 0 , a, b ∈ g 1 the following equalities are satisfied:
We denote a strict Lie 2-algebra by
−→ V 0 be a 2-term complex of vector spaces, we can form a new 2-term complex of vector spaces End(V) : 
such that the following equalities hold for all x, y ∈ g 0 , a ∈ g 1 ,
A strict representation of a strict Lie 2-algebra (g, d g , [·, ·] g ) on a 2-term complex V is a strict Lie 2-algebra homomorphism ρ = (ρ 0 , ρ 1 ) : g → End(V). Given a strict representation, we have the corresponding generalized Chevalley-Eilenberg complex (C i (g; V), D ρ ), where C i (g; V) denote the set of strict Lie 2-algebra i-cochains defined by
and the coboundary operator
are defined by
Denote the set of cocycles by Z(g; V) and the set of coboundaries by B(g; V). The corresponding cohomology is denoted by H(g; V) ρ .
Remark 2.4. The cohomology of a strict Lie 2-algebra with the coefficient in a strict representation V was given in [4] . See [15, 16] for more details for the general case. The cohomology complex given above is its subcomplex.
Strict derivations on strict Lie 2-algebras
In this section, we outline some basic results about strict derivations, inner derivations, outer derivations and center of strict Lie 2-algebras. It is not totally new. See [7, 8, 17, 18] for more details.
We denote the set of strict derivations of degree 0 of g by SDer 0 (g).
We denote the set of strict derivations of degree 1 of g by SDer 1 (g). It is straightforward to obtain that Lemma 3.3. For all Θ ∈ SDer 1 (g), we have δ(Θ) ∈ SDer 0 (g). Thus, we have a well-defined complex:
By straightforward computations, we have [6] .
For any strict Lie 2-algebra g, there is a strict Lie 2-algebra homomorphism from g to SDer(g) given as follows. Define ad 0 : g 0 → SDer 0 (g) and ad 1 : 
Proof.
It is straightforward.
, is defined as the kernel of the strict Lie 2-algebra homomorphism ad : g → SDer(g).
We write Cen(g) = Cen 1 (g) ⊕ Cen 0 (g), where Cen 1 (g) = ker(ad 1 ) and Cen 0 (g) = ker(ad 0 ). It is obvious that
Proof. For all x ∈ g 0 , D ad (x) has two components as follows:
For all y ∈ g 0 , b ∈ g 1 , we have
Thus, D ad (x) = 0 if and only if x ∈ Cen 0 (g).
Since ad is a strict Lie 2-algebra homomorphism, it is obvious that Im(ad) is a sub-algebra of the strict Lie 2-algebra SDer(g). Then we can get a strict Lie 2-algebra SInn(g) given by
Therefore, SInn(g) is an ideal of the strict Lie 2-algebra SDer(g).
Proof. It follows by straightforward computations.
Denote by SOut(g) the set of out strict derivations of the strict Lie 2-algebra (
SOut(g) = SDer(g)/SInn(g).
We use π = (π 0 , π 1 ) to denote the quotient map from SDer(h) to SOut(h).
) be a strict Lie 2-algebra. We have
Proof. For all X 0 ∈ Hom(g 0 , g 0 ) and X 1 ∈ Hom(g 1 , g 1 ), D ad (X 0 , X 1 ) has three components as follows:
The proof is finished.
Non-abelian extensions of strict Lie 2-algebras
In this section, we give a general description of a non-abelian extension by choosing a section.
The following sequence of Lie 2-algebras is a short exact sequence if Im(i) = ker(p), ker(i) = 0 and Im(p) = g,
We callĝ a non-abelian extension of g by h, and denote it by Eĝ.
(ii) A section σ : g −→ĝ of p :ĝ −→ g consists of linear maps σ 0 : g 0 −→ĝ 0 and σ 1 :
(iii) We say two non-abelian extensions of Lie 2-algebras Eĝ :
It is easy to see that this implies that F is an isomorphism of strict Lie 2-algebras, hence defines an equivalence relation.
Since (i 0 , i 1 ) are inclusions and (p 0 , p 1 ) are projections, a section σ induces linear maps:
Obviously,ĝ is isomorphic to g ⊕ h as vector spaces. Transfer the strict Lie 2-algebra structure onĝ to that on g ⊕ h, we obtain a strict Lie 2-algebra (
The following proposition gives the conditions on ϕ, µ 0 , µ 
we deduce that (14), (18) and (23) hold. By
we deduce that (19) and (24) hold. By
we deduce that (15) (14)- (26) holds, it is straightforward to see that
is a strict Lie 2-algebra. The proof is finished.
For any non-abelian extension, by choosing a section, it is isomorphic to (g
Therefore, we only consider non-abelian extensions of the form (g ⊕ h, d g⊕h , [·, ·] g⊕h ) in the sequel.
Classification of non-abelian extensions of strict Lie 2-algebras: special case
In this section, we classify non-abelian extensions of strict Lie 2-algebras for the case that Cen(h) = 0.
Then isomorphism classes of non-abelian extensions of g by h correspond bijectively to strict Lie 2-algebra homomorphismsμ
be a non-abelian extension of g by h given by (11)- (13) . For x ∈ g 0 , a ∈ g 1 , we denote by µ 0 (x) = (µ 0 (x), µ 1 (x)). By (14)- (16), we have µ 0 (x) ∈ SDer 0 (h). By (17), we have µ 1 (a) ∈ SDer 1 (h). Let π = (π 1 , π 0 ) : SDer(h) → SOut(h) be the quotient map. We denote the induced strict Lie 2-algebra structure on SOut(h) by [·, ·] ′ C and δ ′ . Hence we can definē
By (18) and (19), we have
By (20) and (21), we havē
Similarly, by (22), we haveμ
Thus,μ is a strict Lie 2-algebra homomorphism from g to SOut(h).
Let
where ι is the inclusion and pr is the projection. Since for all x ∈ g 0 and a ∈ g 1 , we have pr 0 (θ 0 (x)) = x and pr 1 (θ 1 (a)) = a, we can assume that
for some linear maps ξ : g 0 → h 0 and η :
By the definition of homomorphisms between strict Lie 2-algebras, we get
Therefore, by (27) we havē
By (28), we havē
Thus, we obtain that isomorphic non-abelian extensions of (g,
to the same strict Lie 2-algebra homomorphism from g to SOut(h). Conversely, letμ be a strict Lie 2-algebra homomorphism from g to SOut(h). By choosing a section s = (s 0 , s 1 ) of π : SDer(g) → SOut(h), we define
We have µ 0 (x) = (µ 0 (x), µ 1 (x)) ∈ SDer 0 (h) and µ 1 (a) ∈ SDer 1 (h). Thus we get (14)- (17) . Since π andμ are strict Lie 2-algebra homomorphisms, for all a ∈ g 1 , we have
Thus, we obtain δ(µ 1 (a)) − µ 0 (d g a) ∈ SInn 0 (h). Since Cen(h) = 0, there is a unique linear map ϕ : g 1 → h 0 such that
Thus, we obtain (18) and (19) . For all x, y ∈ g 0 , we have
Since Cen(h) = 0, there is a unique linear map ω :
Thus, we obtain (20) and (21). Similarly, there is a unique linear map ν :
which implies that (22) holds. For all x ∈ g 0 , a ∈ g 1 , u ∈ h 0 , by (34)-(36), we have
Similarly, for all x ∈ g 0 , a ∈ g 1 , m ∈ h 1 , we have
Therefore, we have
Since Cen(h) = 0, we obtain (23). For all a, b ∈ g 1 , u ∈ h 0 , by(34) and (36), we have
Thus, we get
which implies that (24) holds. For all x, y, z ∈ g 0 , m ∈ h 1 , by (35), we have
Similarly, for all x, y, z ∈ g 0 , u ∈ h 0 , we have
Since Cen(h) = 0, we obtain (25). Similarly, for all x, y ∈ g 0 , a ∈ g 1 , u ∈ h 0 , by (35)- (36), we have
Since Cen(h) = 0, we obtain (26). Thus, we deduce that (14)- (26) 
Therefore, we obtain (27). Similarly, there is a unique linear map η :
Therefore, we obtain (28). By Lemma 3.7 and (34), for all a ∈ g 1 , we have
Since Cen(h) = 0, we obtain (29). By Lemma 3.11 and (35), for all x, y ∈ g 0 we have
By Cen(h) = 0, we obtain (30). By Lemma 3.11 and (36), for all x ∈ g 0 , a ∈ g 1 , we have
By Cen(h) = 0, we obtain (31). Thus, we have (27)-(31). Therefore, we deduce that
Obstruction of existence of non-abelian extensions of strict Lie 2-algebras
In this section, given a homomorphismμ : g → SOut(h), where Cen(h) = 0, we consider the obstruction of existence of non-abelian extensions. By choosing a section s of π : SDer(h) → SOut(h), we can still define µ 0 (x) by (32), and µ 1 (a) by (33). Moreover, we can also choose linear maps ϕ :
is a non-abelian extension of g by h if and only if
We denote by λ = ϕ + ω + ν. Let D µ be the formal coboundary operator associated to µ = (µ 0 , µ 1 ).
Then Ω = D µ λ has four components as follows:
More precisely, for all x, y, z ∈ g 0 , a, b ∈ g 1 , we have .p.(x, y, a) .
is an extension of g by h if and only if Ω = D µ λ = 0.
Definition 6.1. Letμ : g → SOut(h) be a strict Lie 2-algebra homomorphism. We callμ an extensible homomorphism if there exists a section s of π : SDer(h) → SOut(h) and linear maps ϕ : (36) and (43) hold.
Thus, we have µ 1 (a)u ∈ Cen 1 (h). Moreover, we have
Thus, we have µ
By (34)-(36),μ is a strict representation of g on the 2-term complex Cen(h). Moreover, by (41)-(42), we deduce that different sections of π give the same representation of g on Cen(h). In the sequel, we always assume thatμ is a representation of g on Cen(h), which is induced byμ. By (37)-(40), we have
. Moreover, we have the following lemma.
Lemma 6.2. Ω = D µ λ is a 3-cocycle on g with the coefficient in Cen(h) and the cohomology class
[Ω] does not depend on the choices of the section s of π : SDer(h) → SOut(h) and ϕ, ω, ν that we made.
Proof. Denote by Υ = DμΩ. It has five components as follows:
For all a, b ∈ g 1 , by (34), we have
For all x ∈ g 0 , a, b ∈ g 1 , by (34) and (36), we have
For all x, y ∈ g 0 , a ∈ g 1 , by (34) and (35), we have
For all x, y, z ∈ g 0 , a ∈ g 1 , by (35) and (36), we have
For all x, y, z, w ∈ g 0 , by the similar computation, we have Υ 5 (x, y, z, w) = 0. Thus, we obtain Υ = DμΩ = 0. Now Let us check that the cohomology class [Ω] = [D µ (ϕ+ω+ν)] does not depend on the choices of the section s of π : SDer(h) → SOut(h) and ϕ, ω, ν that we made. Let s ′ be another section of π, we have µ 
By straightforward computations, we obtain that (34)-(36) hold for µ
For all x ∈ g 0 , a ∈ g 1 , by (34), we have
For all x, y ∈ g 0 , a ∈ g 1 , by (35) and (36), we have a, x) ).
Thus, we can define    t 1 = ϕ ′ − ϕ * ∈ Hom(g 1 , Cen 0 (h)), t 2 = ω ′ − ω * ∈ Hom(∧ 2 g 0 , Cen 0 (h)), t 3 = ν ′ − ν * ∈ Hom(g 0 ∧ g 1 , Cen 1 (h)).
Denote by T = t 1 + t 2 + t 3 ∈ C 2 (g; Cen(h)), and we have Now we are ready to give the main result in this paper, namely the obstruction of a strict Lie 2-algebra homomorphismμ : g → SOut(h) being extensible is given by the cohomology class [Ω] ∈ H 3 (g; Cen(h))μ. 3 (a, x) . Therefore,μ is an extensible homomorphism. The proof is finished.
The following theorem classifies non-abelian extensions of g by h once they exist. Proof. Sinceμ is an extensible homomorphism. We can choose a section s of π and define µ 0 , µ 1 by (32), (33) respectively. We choose linear maps ϕ, ω, ν such that (34)-(36) hold and D µ (ϕ+ω+ν) = 0. Thus, the strict Lie 2-algebra (g ⊕ h, d g⊕h , [·, ·] g⊕h ) define by (11) , (12) and (13) is a non-abelian extension of g by h, which is induced byμ. Let s ′ be another section of π and define µ ′ 0 , µ ′
